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ON AN INTEGRAL EQUATION OF CONTACT PROBLEMS OF ELASTICITY
THEORY IN THE PRESENCE OF ABRASIVE WEAR*

E.V. KOVALENKO

An algorithm based on the method of matched asymptotic expansions and
enabling one to avoid mathematical incorrectness is proposed for solving
the integral equations of contact problems taking abrasive wear of the
surfaces of contiguous bodies into account. An exact solution is written
for the convolution type integral equation of the second kind with a
logarithmic kernel in a semi-infinite interval in the class of continuous
functions that vanish at infinity.

A mathematical inaccuracy is committed in solving the integral equations of contact problems
of elasticity theory in the presence of abrasive wear (/1-4/, etc.). The quantity characteriz-
ing the contact pressure distribution law and have a singularity of the square-rcot type for
t=0 at the ends of the contact domain /5/ was expanded in a Fourier series in the eigen-
functions of a certain self-adjoint completely continuous integral operator acting in a space
of square-summable functions, However, as follows from the general theory of Fourier series
in Hilbert spaces /6/, such a series will be known to be divergent in the norm of the space
Ly (—1, 1).

The approach proposed below enables one to avoid this mathematical incorrectness and in
conjunction with the method in /7,8/ enable a solution of the contact problems mentioned to
be constructed in the whole range of time variation. The closed solution of the convolution
type integral equation of the second kind with logarithmic kernel in a semi-infinite interval
can also be used to investigate contact problems for rough elastic bedies (or to study contact
problems in the presence of thin elastic coatings) /9/ when the coefficient of the main term
of the integral equation tends to zero,

1. The initial equations of the contact problem of elasticity theory for a linearly
deformable base of general type in the presence of abrasive nwear can be written in the form
/4/
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The piecewise-smooth function V()>0(0<t<7) and the kernel k(s) of the integral
equation (1.l) is representable in the form

k(z) = S L (u)cos {uz)du, 3= -E—-ff- {1.3)
0

Lw>0, (ul<ow), L=4-+0 @) (=0, 4= const)

L =ut40@wu™ (u—o)

The analysis presented below refers to the case of an even function f(z). The general

case is considered analogously.
on the basis of (1,3), the following lemma is proved /5/:

Lemma. For all values of 0<|z}< o the following representation holds for k(2

*prikl.Matem.Mekhan.,Vol.48 5 868-873,1984



631
k()= —In|z|—F(a), F(z)—B@E—0, B=const)

where F(z), as an even function of the complex variable =z 4if, is regular in the strip

{2 ]<<oo, | L 1< n(0 <%= const).
We now construct the solution of (1.1). We introduce the small parameter e(e<ZL1) and

rewrite (l.l) in the form

1
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:z)dz=v(e)—f(x)~Scp(z,t)V(t)d‘t (zi<n a4
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_z)dﬁ=-y(t)-v(s}——S(p(z,T)V('r)d‘r (1.5)
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The solution of the integral eguation (1.5) is found in /7,8/, hence, we shall not

construct it here.
We investigate (1.4) by the method of matched asymptotic expansion /10/. We assume that

Vi)=VE)+0(e), ¢z t)=g(e)+0() el el) (1.6)

Later, without loss of generality, we set V(g = 1. Then by substituting (1.6) into
{(1.4) and neglecting infinitesimals of order !, we obtain

X
1
w(z.a)+—;;§w<a,s)k( )=y —1@  Ual< (.7

We shall limit ourselves to the construction of the principal {zeroth) term of the
asymptotic form of the solution of (1.7). To do this, we consider its equivalent integral
equation in place of (1.7)

19620 =91, 0] + 5 § v@o [H(EEE) ()@= 1 -1 asi<y )
Y

Setting e=0 in (1.8), we write down the degenerate integral equation of the problem
as e¢—0

ﬁu

mz)[( ) —# () e =srm—ren dsi< .9

or equivalently

1
S%(&)k(E 2) = O—f@] (el (140

As is known /5/, if f@ & By* (—1, 1) (B;® (—1, 1) is the space of functions whose n-th
derivatives satisfy the Holder condition with index e, 0<a<) for ze&{—1, 1], the function
¢ (z) has the form

q;.,(z)_w(’) , e@eC(—1,1) {1.11)

We understand the exterior domain to be the interval |z{<{i—me in which the degenerate
sclution of (1.11) can be taken as the solution of (1.8) with a sufficiently small error. We
call small neighbourhoods of the points z= 41 with the dimensions me(m3>>1) interior
domains; the influence of the wear on the contact stress distribution under the stamp in
these domains is commensurate with the influence of the deformability of the elastic base,
Solutions of boundary-layer type that can be matched with the degenerate solution @y (z) ON
the domain boundaries z=1—me and z= —1 -4 me should be constructed in the interior
domains,

Let us find the difference between {(1.8) and (1.9)

1
@ (2, e)+~};~ S [P (5 &) — @ (£)) [k(a—;:x)-—k(y' )]d&—-w(i &) (Jzi<<t) (1.12)
-1

Taking into account that we have g¢,(1 — me)= o ({)(2me)™* for me<«€!1 and the function
¢ (z, &) is matched with @, (z) on the boundary z=1-—me of the exterior and interior domains,
we will seek the solution of boundary-layer type in the neighbourhood of the point z=1 in
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the form of
Qo) =9 e o™, s=(1—2) e 1.13)
Then the matching conditions take the form

g —me, 8) = e Vtg (m)y (0) ~ qo (1 — me) = © (1) (2me)~/+
It hence follows that

3

B> 1), (0= 0{dYy2 (1.14)

Substituting (1.13) into (1.12), going over to the new variables s, 1= (1 —}e?! and
letting & tend to zero for fixed s and s, we obtain the following integral equation to
determine the boundary~layer type function ¢ (s (by virtue of the evenness of the function
under consideration in =z and in the neighbourhood of the point z= —1)

g{ ~1, g(m)~m"

q(s)~-,-1;'§q(1)ini
0

T

Tsfd:=r, g(s}=$% O< s < o00) (1.15)

Here the representation for k(z) mentioned in the lemma and the value of the integral

/1/
SIn[X—j;lt'pdv=m‘“”—j§_-§F~ (C<Rep<1)
]

for p=1, are used.

After having solved (1.10) and (1.15), by virtue of (1,14) the principal term of a
uniformly suitable asymptotic solution of the integral equation (1.7} or (1.8) can be
represented for small values of the parameter e in the form

%o 0 =Ty 0@ — 2L WTFT + T+ Sk [o ()« o (55)] (1.16)

The constant o (1) can here be associated with ¢ (0) or with P (0) by using (1.10),(1.1l) or
{1.2) for t=0.

2. We will examine the gquestions of constructing the solution of the integral equation
(1.15). We differentiate both sides with respect to s. We cbtain
1 ¢ dv
Q’(8)+—,;SQ(T)‘?::;=0 0 s <Coo) 2.1)
g
We seek the solution of the homogeneous equation (2.1) in the form of a Mellin integral
/11/ (the contour L is the line Rep=y)

1 ¢ -
q(s =—2;:SQ(§)8 Pdp (2.2
L
Let us substitute {(2.2) into (2.1) and take the value of the integral

~-p
S -?E:-s-dr =nsPetgnp (0 Rep<Y)
into account. ¢

We then rewrite (2.1) in the form

1 Y -
= g pQ(p)s™P dp — 7;;;'5 Q(p)ctgnpsFdp=0 2:3)
L i
We use the notation pQ(p)= u(p), replace the argument p in the first integral of (2.3)
by p—1, shift the contour L by one along the real axis and denote it by L. We will have
1 (¢ 1 ¢ tg 7
WSu(p—i)s"pdp z-z-;-“eSu(p) cgp L s~Pdp (2.4)
L

L

We assume that the function u(p) is regular in the strip p—~1<<Rep<p and tends to
zero as |Im p{— oo. Then by the Cauchy theorem, without changing the integrand in the first
integral of (2.4), it is possible to write L in place of I, and to satisfy relationship (2.4)
by solving the first-order difference equation

u(p-—1) —ptetgnpu(p)=0 (p=l) (2.5)

Let us select the number p in such a way that the coefficient of (2.5) (i.e., the
function p~letgnp) would have no zeros (0<p <) in the strip. 0 <Rep<p. In this case
the canonical solution of the homogeneous equation (2.5) can be obtained by the Barnes
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method /12/. . . .
The uniqueness of the solutions of difference equations of the type (2.5) is established

in exactly the same way as the uniqueness of the Riemann boundary value problem /13/.
Taking account of the condition imposed above on the function u (p),we write it in the form /14/

u(p) = CT* (1 < p) R (p) (C = const) (2.6)

= —n— — 1
PIRE | (IS o (LT EXRINCIES R R

-5 T(—r—pT(—nTrFT "

n=x}
from which we find the function ¢Q(p) by virtue of the relation presented earlier between ¢ (p)
and u(p).

Let us set up the asymptotic form of the desired function g¢(s) in (2,2) as s—0 and
s — oo. We note that for s<« 1 the integral (2.2) is expanded in an absolutely convergent
series in residues at the poles of the function ¢ (p), continued analytically into the left
half-plane Rep < . The value of the function g¢() as s—0 is determined by the first
term of this series and has the form 4¢(0)=C.

For s>1 the integral (2.2) is not expanded in a residue series., In this case the
asymptotic form of the function g¢(s) is established -for large values of s by using an algorithm
proposed in /15/. Namely, by limiting ourselves to the first term in the asymptotic form,
we obtain from (2.2) and (2.6)

g ()= €81 4 0 (s 2.7
§=—Cllimtgnp(p +Ypdu) =1 (p— =)

The solution of (2.2),(2.6) evidently satisfies the initial equation (1.15) apart from
a constant. However, by utilizing the arbitrariness of the selection of C, it may be that
this solution will simultaneously also be the solution of the integral equation (1.l15).

Theorem. If g(s)~s*(s— o) and [g(s) |[<<M (M = const) in (1.15) for all values se [0, oo},
then ¢ (0)= 1.
For the proof we estimate the integral

J=— Sq(-r)ln[l——i—ldr:——s q(r)1n|1—%|dr_ Sg(r)lnl1_“Tldz=Jl+J, 2.8)
0 0 M,

for small values of the variable s. We assume that the constant M; in (2.8) is such that
gty ~1"" in J,, Then if s-0, we have

o

d 2
Jom —s S_i___s_

T ]/Ml
M,
Furthermore, representing J, in the form

M,

J,=—-Sq('z)ln (—%——1)41— S q(t)ln(i —-—,fc—)d-¢=1,+ A
0 8
and using the estimate

1 Tsi<2Msin2, |Jy]< Ms[1-+1n (M)}

we find that /-0 as s—0, and therefore, g¢(0)=1.

It follows from the theorem proved that the constant is C=1, and therefore, the
functien (2.2),(2.6) satisfies integral equation (1.15). We note that for such a selection
of the arbitrary constant, the matching conditions (1.14) are satisfied automatically.
Therefore, (2.2),(2.6) allow solution of the integral equation (1.15). This solution will be
general in the class of functions possessing the properties mentioned in the theorem if the
homogeneous integral equation corresponding to (1.15) has only a trivial solution. This
last fact can be verified by taking account of the mutual relationships between the integral
equation (1,15) and the problems examined in /14/.

3. We still note that the two fundamental variations of problem (1.1),(1.2) are of
interest in practice: 1) given the function v, £ind @z, 0, P (1), and 2) given P (), find
the functions ¢z, and 7y (@©.

We will examine the first case. We assume that the settling of the points of the base
v () is such that in the neighbourhood of the point ¢=0 it can be expanded in a Taylor
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series. Limiting curselves to the first two terms of this series, we will have
YW =90 +y(0)¢ (t=][0,e) 8.1)

Now substituting the function ¢u(z, ¢ from (1.16) and y(» from (3.1) into the integral
equation (1.7), we rewrite the latter in the form

1
1 —
etvu(z,e)+—ﬂ—S q».,(&.e)k(-Eq—”—)da=v<0)+v'(0)s—f(z) dzi <1 (3.2)

-1

As was noted above, the constant e (1) in (1.16) can be related to y(0) by means of (1.10),
(1.11). Therefore, (see (1,2) for t=0), the value of the function P2 (1) depends only on vy (0)
for t=0. We substitute (1.16) into relationship (3.,2), integrate it with respect to =
between the limits —1 and +1 and use (1.2),(1,11),(1.16). We obtain

1

eP(a)+—i— S e e)DE)E =Y (0)e, D(§)= Slk(i'—rz)dx (3.3)
-1 -1

ot~ () S (L5252

We therefore establish a relationship between P (e) and 9’ (0).

Now, if its is assumed that the force P (t) acting on the stamp is given, then by using
(L.2) at t=0and (1.1l), we find the value of the constant e (1) by relating it to the value
P (0). Then substituting (1.ll) into (1,10), we determine the constant ¢ (0) by relating it,
as above, to P (0). Now using relationship (3.3), we find ¢y’ (0) as before by relating it to the
value of P () for t==e. Finally, taking (3.1) in the computation, we obtain an expression
to determine rigid displacement of the stamp y(f. Moreover, if (1.5) and the algorithm in
/7,8/ are furthermore used, the solution of the problem formulated can be obtained in the
whole range of time variation, i.e., for 0t T <oo.

The method in this paper can also be used to investigate contact problems for rough
elastic bodies (or contact problems in the presence of thin coatings /9/, when the coefficient
of the principal term in the corresponding integral equation tends to zero).

The author is grateful to V.M. Aleksandrov, B.M, Nuller and M.,B, Ryvkin for their interest.
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